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General structure of the factorization theorems

The modern factorization theorems have the following general structure

do 3
_ ome power
ax = H X fl ®...® J2 X \S/ + suppressed terms
~~ Hard part Parton distributions  Soft factor(s)
cross—X perturbative jet-functions, etc perturbative 7
Non-pertrubative
universal

o Individual terms in the product are singular, and requires redefinition/refactorization

o The next factorization step is to factorize the divergences in soft factors

e The SF factorization is essential for lower-energy studies (e.g. SIDIS) and for
resummation
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General structure of the factorization theorems

The modern factorization theorems have the following general structure
do

_ Some power
ax = H X fl ®...® J2 X \S/ + suppressed terms
~~ Hard part Parton distributions  Soft factor(s)

cross—X perturbative jet-functions, etc perturbative 7
Non-pertrubative
universal

o Individual terms in the product are singular, and requires redefinition/refactorization

o The next factorization step is to factorize the divergences in soft factors

e The SF factorization is essential for lower-energy studies (e.g. SIDIS) and for
resummation

In this talk, I will present the last ingredient of TMD-like
factorization theorems, namely, the factorization of rapidity
divergences and some of its consequences
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General structure of the factorization theorems

The modern factorization theorems have the following general structure
do

_ Some power
ax = H X fl ®...® J2 X \S/ + suppressed terms
~~ Hard part Parton distributions  Soft factor(s)

cross—X perturbative jet-functions, etc perturbative 7
Non-pertrubative
universal

o Individual terms in the product are singular, and requires redefinition/refactorization

o The next factorization step is to factorize the divergences in soft factors

e The SF factorization is essential for lower-energy studies (e.g. SIDIS) and for
resummation

In this talk, I will present the last ingredient of TMD-like
factorization theorems, namely, the factorization of rapidity
divergences and some of its consequences

o Currently, it the only proof of rapidity divergences factorization
o It is unusual. It is build on the conformal transformation and mapping of divergences.

@ The proof is made for the multi-Drell-Yan process (see [talk of M.Diehl|) for arbitrary
number of particles.

o It allows a number of non-trivial predictions and consequences.
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Reminder
TMD factorization
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TMD factorization
TMD factorization (Q2 >> q%) gives us the following expression J

do / 4 i
———— ~ [ dze'? hi|JH(2)|X; ha)(X; ha|J¥(0)|h1
Qi o 3 1" @)1 ha) (Xl O))

MD soft factor

very 5lngu ar

~ / by e OTH(Q) By (21,b1) S () Ap, (22, br) Y

dver suppressed

terms
TMD FF (singular)
TMD PDF (singular)

do
dQdy d?qr

All components of factorization formula
contain rapidity divergences.
Within soft factor rapidity divergencs
entangle PDF and FF

R
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|
TMD soft factor

S(br) = (O[Tr (@ (07) @, (br) @ (br) @1, (01)) 0)

, o< transverse plane” Light-like vectors:

——— == ,

””””””””” ’ n?=n%2=0, (n-n)=1

Wilson line (ray)

777777777777 transverse ~
plane,

5 P, (x) = Pexp (zg/ dovt A;f (vo + x)TA>
0

Multiple divergences!
o Ultraviolet (renormalize)
o Collinear & mass (cancel in sum)

”
s “octrandvérse plane 7 o Rapidity QR
P .
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Assumption: exp(AIn(6767) 4+ B) = exp (g In((61)2¢) + g) exp (g In((67)2¢ 4 + g)

do ~ [ d?br e T H(Q?) ®p1(21,b7)S(br)Ap, (22,b7) +Y

do ~ [ d?bp e~ U T H(Q?) F(z1,br;¢t) D(22,b15¢7) +Y

R cquation
"

TMD PDF TMD FF
VS®p, VSAp,
(regular) (regular)
v
The extra "factorization" introduces

- extra scale (.
/ And corresponded evolution equation
& d
‘ (—F=2F=_-DF
d¢ 2 R
Rapidity anomalous dimension (RA
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Double-Drell-Yan factorization

PD soft ac or
/ very singu <n
/[de U (Q2)Ha(Q3) F{A (71,2, b1,2,3,4) 84 (b1,2,3,4) F5, (21, 2,b1,2,:w4/,Y

power suppressed
terms

DPD (singular)

Structure is similar to TMD Drell-Yan
but now it contains

COLOR

The soft factor is a matrix

€=
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Color structure makes a lot of difference

~p singlet st 518 Pt
F}ﬁSABF}g Singlets, (Fl,FS) ( Sa1 ee s

o Soft-factors SH are sum of Wilson loops and double Wilson loops (all possible
connections).

o Soft-factors are non-zero even in the integrated case.

-ootransverse plang” _-ootransverse plane”
- Fu----- ‘ I s

~ trangverse 7 ~ frangverse
plane,

y N
/oo transverseplane ~ ¥ =
./ -oc transverseplane T TR . Looetrausverseplane - 7 .
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Finalizing DPD factorization

do » g1l g18 1
E“’/[de@ (@)1 H1 (QF)H2(Q3) (FlvFB)( g8l  g8s8 )( 78 >+Y

d ) ) _ B
é N/[de e~ )T =T H) (QF) Ha(Q3) F(21,2,b1,2,3,45CT)F(21,2,b1,2,3,45¢7) + Y
DPDT DPD
(SF’H) sFh,
(regular) (regular)

Matrix rapidity evolution

dF(z1,2,b1,2,3,4; ¢, )
dIn¢

= —F(z1,2,b1,2,.3,4;¢,u)D(b1,2.3,4, 1t)

where D is matrix build (linearly) of TMD rapidity anomalous dimensions. E.g.

_ D(bi2) — D(b13) — D(b24) + D(bsa)
VNZ 1
4
RARt November 14, 2017 9 / 25
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The same story for multi-parton scattering

o Just as double-parton, but multi..(four WL’s — arbitrary number WL’s)
e The soft-factor has many Wilson lines [M.Diehl,D.Ostermeier,A.Schafer,1111.0910]

S({b}) = (O|T{[@_n®! .](bn) ... [@_n®' ](b1)}[0)
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The same story for multi-parton scattering

o Just as double-parton, but multi..(four WL’s — arbitrary number WL’s)
e The soft-factor has many Wilson lines [M.Diehl,D.Ostermeier,A.Schafer,1111.0910]

S({b}) = (O|T{[@_n®! .](bn) ... [@_n®' ](b1)}[0)

Result at NNLO is amazingly simple
E(bl,“,N) =exp | — Z T?ch’(b”) + O(a?)
i<j

e o — TMD soft factor
AmA :
T Tj = "dipole"

O(a2) contains also "color-multipole" terms

Rapidity factorization for dipole part is
straightforward (assuming TMD factorization)

v

w'n
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The rapidity factorization is shown at 2-loops,
but not proved.

e Proof is required to define universal non-perturbative functions.
o There are possible issues at 3-loops, due to 4-WL interactions.

o To make a proof we have to understand the structure of divergences of SFs.

A.Vladimirov RdRt November 14, 2017 11 / 25




|
TMD soft factor

S(br) = (O[T (@ (0)®}, (br)@—n(br) @1, (01)) [0)

NS Ver: e’
P oo transverse plang
—_——— - == s

Although traditionally the diagrams are
considered in the momentum space, the

coordinate representation is more natural
777777777777 ﬁﬁl}ﬁ;{ﬁgg’ and clean.

e Ultraviolet (small-distances)

o Collinear & mass (large distances)

o Rapidity (small/large distances)
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|
TMD soft factor

S(br) = (O|Tx (®1(07)®}, (br)®—n (br)@" ,(07)) 0)

/ dedy D(x —vy)

[ [
T yT ——

0 0 zty~

/°°d:v+/°°dy_

o =t Jo y~

(UV +1R) (UV +IR)

Some people set it to zero,

@
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|
TMD soft factor

S(br) = (O|Tx (®1(07)®}, (br)®—n (br)@" ,(07)) 0)

/ dzdy D(z—vy)

= dx / dy” ——F————5—
R 0 o (efym +b)

IR at z,y — o0

N
Il

B N However, it exactly cancels IR from the previous
diagram
Proved at all orders,
TN T T T T e.g.|[Echevarria,Scimemi,AV,151 590]
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|
TMD soft factor

S(br) = (O[T (@ (0)®}, (br)@—n(br) @1, (01)) [0)

o¢ transverse plane”
2

/ dedy D(x —y)

***** fransverse, = dx Ay ————5~
pTa‘n/c/ ’ A A Y (2z+y* + b%)

= rap. div. at /\liglo{x =A\y=2"1}

Rapidity divergence is a special kind of
divergences, UV& IR
Does not cancel.

%
,
e - e
. -octransverse plane , R
< 7

Universitit Regensburg

RdRt November 14, 2017 12 / 25



Deeper analysis shows that rapidity divergences are
similar to UV divergences

o The rapidity divergence corresponds to the radiation of gluon from the transverse
"plane" to the light-cone infinity.

o The counting rule for rapidity divergences is topologically (on the level of graphs)
similar to counting of UV divergences.

o See the detailed analysis in [1707.07606].

Rapidity divergences associated with transverse planes (or better to say with the layer
between the transverse plane and infinity). Let us construct a conformal transforma-
tion which maps it to the point (to a sphere).

@
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Conformal-stereographic transformation

—1 1 az? T
Ca:{zT,2 7,2, } > {———,27 + L
nid +} {Qa A+ 2azxt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters
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Conformal-stereographic transformation

—1 1 az? T
Cn : +7 _7 = T T o N L )
nifetenel = 2a \+ 2azxt vt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters

 transverse
planc,
s

€=
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Conformal-stereographic transformation

—1 1 az? T
Cn : +7 _7 = T T o N L )
nifetenel = 2a \+ 2azxt vt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters

 transverse
planc,
s

€=
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Conformal-stereographic transformation

—1 1 ax? T
Ca:{zt,o 2} {———— 27 + L
nid +} 2a A+ 2azxt A+ 2azt’ A+ 2azxt

}

e Translation — special conformal transformation (along n) — Translation

o a and )\ are free parameters

NN
N
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Composition of two conformal-stereographic transformations

Cnﬁ = C'ncﬁ = Cﬁcn

With the special choice of parameters

. 1
aX <0, a\ <0, (CL@)2 < ﬁ p%>max{b?},
T
any DY-like soft factor transforms to a compact object.
v
C -
(b) - 2(v)

transverse transverse
plane plane

Universitit Regensburg

RdRt November 14, 2017 15 / 25



In conformal QFT rapidity divergences equivalent to UV divergences

o The UV renormalization imposes rapidity divergence renormalization
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In conformal QFT rapidity divergences equivalent to UV divergences

o The UV renormalization imposes rapidity divergence renormalization

-00 T
transverse
Plane

-ocn
transverse
plane
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In conformal QFT rapidity divergences equivalent to UV divergences

o The UV renormalization imposes rapidity divergence renormalization

o There are also UV renormalization factors in cusps (we omit them for a moment)

finite finite

R(b)S(b)R! (b) — G,

n

o0 n
transverse

-oC
transverse
plane

plane
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|
RDRT in conformal theory

In a conformal theory rapidity divergences can be removed (renormalized) by a mul-
tiplicative factor.

Cr (Z({v}, 1)) = Ru({b},vF)

Rapidity anomalous dimension (RAD)

D({t}) = ;R ({b}, v )t fRn({b} v,

In CSS notation it is — K, in [Becher,Neubert] Fyq, in SCET literature 7.

(In CFT) DY-like Soft factors expresses as

finite

—
B({b},61,67) = e2D({b})1n(6+/u+)20({17}7V2)62Df({b})1n(6_/1/_)7

Universitit Regensburg
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From CFT to QCD

From conformal theory to QCD

QCD at the critical point

QCD is conformal in 4 — 2¢* dimensions

B(e*) =0, = € = —asfo —aBi — ...
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From CFT to QCD

From conformal theory to QCD

QCD at the critical point

QCD is conformal in 4 — 2¢* dimensions

B(e*) =0, = € = —asfo —aBi — ...

Thus, at 4 — 2¢* dimensions, the rapidity renormalization theorem
works.

e Starting from the leading conformal invariant term, one proves by induction

finite

—
S({b},6%,67) = e2D<{b}>1n(6+/»+)20({(,}7V2)62DT({b})1n<6*/u*)7

Dqcp # Derr
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From CFT to QCD

The rapidity divergences in TMD-like soft factors can be renormalized at any (finite)
order of perturbation theory. It is equivalent to proof of factorization of rapidity
divergences.

Many consequences

o Factorization for multi-Drell-Yan process.

o Correspondence between soft and rapidity anomalous dimensions.
o N3LO rapidity anomalous dimension (for "free").

o Constraints of soft anomalous dimension.

o Universality of DY and SIDIS TMD soft factors

Absence of (naive) factorization for particular processes.

Many others, (yet unexplored).

@
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Soft /rapidity anomalous dimension correspondence

The equivalence (under conformal transformation) between Z and R implies the equality
between corresponding anomalous dimensions

vs({v}) = 2D({b})

It has been observed in |Li,Zhu,1604.01404].

e UV anomalous dimension independent on €
o Rapidity anomalous dimension does depend on €

o At €* conformal symmetry of QCD is restored

@
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Soft /rapidity anomalous dimension correspondence

The equivalence (under conformal transformation) between Z and R implies the equality
between corresponding anomalous dimensions

vs({v}) = 2D({b})
It has been observed in |Li,Zhu,1604.01404].

e UV anomalous dimension independent on €
o Rapidity anomalous dimension does depend on €

o At €* conformal symmetry of QCD is restored

In QCD

vs({v}) = 2D({b}, €*)

o Exact relation!

o Connects different regimes of QCD

— Lets test it. QR

Universitit Regensburg
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SAD/RAD correspondence

vs({v}) = 2D({b}, €")

How to use it?
e Physical value is D({b}, 0)
o c*=0—asPo— a?ﬁl — agﬁg —

e We can compare order by order in PT

Di((B) = meh)
Do({t]) = 572({e}) + BoDh (1))

2
Do((s)) = vs({v}) + BoDh()) + ADL() — DY (b)),

A.Vladimirov RdRt November 14, 2017 21 / 25



SAD/RAD correspondence

TMD rapidity anomalous dimension

2 2
B= %, L:ln(eljﬁyE> “ ln(vlj’zf‘ )

o N = 2, no matrix structure,

—2(B°r(-¢)+1)=pM

) asDM)

T =2l
as (ln (bz‘f) +0) = as (m (457’2‘;) +0)

Obvious relation, QCD is conformal at leading order.
@

V2 = 4e— 2B
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SAD/RAD correspondence

TMD rapidity anomalous dimension

2 2
B= %, L:ln(eljﬁyE> “ ln(vlj’zf‘ )

e N = 2, no matrix structure,

—2(B°r(-¢)+1)=pM

78V =1+0 'NLO | NLO
7P =[(8F —2¢2)Ca— 2 NfIL+
(28¢s+...)Ca+(H2 —5¢2) Ny -

asDM) + ag?Dm)

as’Ygl) +a§'y§2)
\ _——vs({v}) = 2D({b}, ")

. +a? (F2L + 7(2)> =..+2d2 (9(2) —2B0(L* + CZ))

We found 2-loop rapidity anomalous dimension

N
o= (57 -6 en- Gir

Universitit Regensburg
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SAD/RAD correspondence

TMD rapidity anomalous dimension

2 2 2
e N = 2, no matrix structure, B=Y% L=In ( 132”7 ) < In (”1225‘ )
e E v

NLO a(Ber(-o 1))
B2°T2(—¢) (CA<2¢_2572w_5+¢€+w):7><2>
1— 3(4—3e
+T=E06= 26)( o, - Nfz
1

( 6) B
+B* Bo+ 072

[Echevarria,Scimemi,AV,1511.05590]

AP =[(8F ~2¢2)0 4~ 2 NfIL+
(28¢s+...)Ca+(H2 —5¢2) Ny

H_124503 4L+
+(—19245c?4+...+%1v?)

as78 + a2y + a3V (@D +aiD®) + airD

! ' a({v)) = 2D({b}, e ’

wtad (F3L+’y(3)) = . +2a? [D(3) - @L‘% - (ﬂogr + B ) L? + Bo(y1 — 2B0C2) L
—BoT1 2 — oy + 228 (G5 — B2) + 2660Ca (o — 2]

We found 3-loop rapidity anomalous dimension
(3) o (297029 88 ) (—152 5
D =C — ...+ 96 .. +CpN -8 ———smirsitst Regensburg
L—o A(1458 +3C2C3+ +96¢5 ) + ... + Crp Ny Ca+ 51
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SAD/RAD correspondence

2
@ C2 (12328 88 207029 6392 154
D = -4 — s — 1925 — 2+
L=0 2 ( o7 8T 3 20 Gy T 2T
CaNj [ 904 62626 824 20
2 ( EATT HCHEC“)
CpNy ( 304 1711 N?( 32 1856)
_2 " _1g P B e
2 ( T <4> 2 9" 729

o Coincides with the one calculated directly [Li,Zhu,1604.01404|

o The logarithmic structure of rapidity anomalous dimension also restored

d Ceusp(as(p))
2 _ Lcusp\ls
0 deD(as(u),b) =5
VSs.
d r
2 _ Lcusp
Vaar =T

UV anomalous dimensions independent on €. UV anomalous dimension of rapidity
anomalous dimension also.
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SAD/RAD correspondence

Quadrupole part of SAD

1 . .
—5 ZT;AT;LDTMD(I)'L])_ Z ZfACEZfEBDTiATjBTkCTlD]:iij

D({p}) =
[4,5] [4,9,k,1]
= 30 TP TETPifACE FEED O 4 O(al),
[4,5,k]

Quadrupole part has been calculated in [Almelid,Duhr,Gardi;1507.00047]

¢ = a2(<243+%’)+0(a2>7
Fin({6)) = 8a3F(pirji, hujr) + Olad),

(bi — b5)2 (b — by)?

(v - v;) (vg - vr) -
St VTR il = 2~ 2
PIRE= by — by )2 (b — b1)?

Pijkl =
e (vi - k) (v5 - 1)
v
Matrix CS equation
dD (u, {b Al
sz — Z Zeuspyp
du? o 4

v
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The rapidity divergences in TMD-like soft factors can be renormalized at any (finite)
order of perturbation theory. It is equivalent to proof of factorization of rapidity
divergences.

Many consequences

e Factorization for multi-Drell-Yan process.

e Evolution for multiPDs (at 3-loops).

o Correspondence between soft and rapidity anomalous dimensions.
o N3LO rapidity anomalous dimension (for "free").

o Constraints of soft anomalous dimension.

Universality of DY and SIDIS TMD soft factors

e Absence of (naive) factorization for particular processes.

Many others, (yet unexplored). e
R
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Example then it does not work (no factorization?)

There are talks about "dipole-like" distributions that could appear in processes like pp — hX
e.g. |Boer,et al,1607.01654]
However, it is straightforward to show that the factorization is necessarily broken (or have
not closed form)

Universitit Regensburg
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Example then it does not work (no factorization?)

There are talks about "dipole-like" distributions that could appear in processes like pp — hX
e.g. [Boer,et al, 1607.01654]
However, it is straightforward to show that the factorization is necessarily broken (or have
not closed form)

oo 7 _
transverse n
planc

- n
transverse
plane
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Example then it does not work (no factorization?)

There are talks about "dipole-like" distributions that could appear in processes like pp — hX
e.g. |Boer,et al,1607.01654]
However, it is straightforward to show that the factorization is necessarily broken (or have
not closed form)

oo B _
transverse n
planc

To have factorization In the tranformed SF
s separate R factors there is a single
plane are needed singular point

o The renormalization of dipole recouple colors — extra gauge link — ala BK equation.

Universitit Regensburg
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Quadrupole part of SAD

1 . .
vs(fvh) = -3 D TAT aipore(vi - vi)— D ifACEI PP TATPTI TP Fijp
[4,5] [1,5,k,1]
= 3 B TOTDipACE fEED C 4 O(al),
[i.3,k]

Quadrupole part has been calculated in [Almelid, Duhr,Gardi;1507.00047)

¢ = d (C2C3 + %5) +0(a}),

Fijm({b}) = 8adF(hirji, i) + Olad),

Quadrupole part of RAD
o Color structures are not affected by €*

e Quadrupole contribution depends only on conformal ratios

Pijkl = (Uz‘ . vk)(vj . vl) o ikt = (bi - bk)2(bj - bl)2

Universitit Regensburg
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The correspondence between SAD and RAD can be used also to constraint the SAD.
It seems that structure of RAD (diagrammatically) is simpler.

Color-structure of soft anomalous dimension

As a consequence of Lorentz invariance one has
=({p}) = =T ({b})
It implies that RAD has only even color-multipoles
An in
D({o}) = Z Z (T Tl yDn i (o)),

01,0tn=1
nEeven
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The correspondence between SAD and RAD can be used also to constraint the SAD.

It seems that structure of RAD (diagrammatically) is simpler.

Color-structure of soft anomalous dimension

As a consequence of Lorentz invariance one has

=({b}) = =T({b})

It implies that RAD has only even color-multipoles

D({b}) Z ‘ Z (T TR DR (fo)).

01,0tn=1
nEeven

In turn, ys({v}) = 2D({b}, €*), SAD has only even color-multipoles

vs({v}) = Z | Z (T Ty i (fo}).

11,0yt =1
nEeven

Absence of tri-pole is known [Aybat, et al,0607309;Dixon, et al, 0910.3653]
o Quadrupole arises at 3-loops

@ Sextupole arises at 5-loops

W ——— RdR# Niovembes 12 007

3/3



	From CFT to QCD
	SAD/RAD correspondence
	Appendix

