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Introduction

The modern factorization theorems have the following general structure

do

_ v Some power
ﬁ = H X f1Q...8Q J2 X N S , + suppressed terms
Hard parAt Parton distributions Soft factor(s)r
cross—X  perturbative jet-functions, etc perturbative ?
Non-pertrubative
universal

e This is a typical result of field mode separation (SCET)

e Often, individual terms in the product are singular, and require "refactorization"
Kl b
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Introduction

The modern factorization theorems have the following general structure

do v Some power
ﬁ - \}I/ X fl Q.8 Ja X \‘5,/ + suppressed terms
Hard part Parton distributions ~ Soft factor(s)
cross—X perturbative jet-functions, etc perturbative 7
Non-pertrubative
universal

e This is a typical result of field mode separation (SCET)

o Often, individual terms in the product are singular, and require "refactorization"

My talk is about factorization of soft factors and rapidity divergences.
(but not only)

e This topic is not very well presented in the literature:
o Not (very) important at high-energy, where fixed-order calculations dominate observables.
o There is no commonly-known methods to approach the problem.

o This problem is very important

o It is a (missed) cornerstone of transverse momentum dependent (TMD) faeﬁion7
and its derivatives.
o It is crucial for our understanding of factorization, resummation, etc. Universitit Regensburg
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Main conclusion of talk:
Rapidity divergences are renormalizable for Drell-Yan(-like) soft factors.

Outline of talk
o Introductory example 1: Soft factor and rap.div. factorization for TMD Drell-Yan (DY)

e Example 2: Soft factor and rap.div. factorization for Double-Drell-Yan (and multi DY)
([AV,1608.04920])

e Singularities in soft factors

Proof of renormalization of rapidity divergences using conformal transformation

e Some consequences: factorization for mutiDY, correspondence between SAD and RAD,
etc.
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Example I: TMD factorization
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TMD factorization
TMD factorization (Q2 >> q%) gives us the following expression J

do / 4 i
———— ~ [ dze'? hi|JH(2)|X; ha)(X; ha|J¥(0)|h1
Qi o 3 1" @)1 ha) (Xl O))

MD soft factor

very 5lngu ar

~ / by e OTH(Q) By (21,b1) S () Ap, (22, br) Y

dver suppressed

terms
TMD FF (singular)
TMD PDF (singular)

do
dQdy d?qr

All components of factorization formula
contain rapidity divergences.
Within soft factor rapidity divergencs
entangle PDF and FF

R
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TMD soft factor

S(br) = (O[T (@ (0)®}, (br)@—n(br) @1, (01)) [0)

NS Ver: e’
P oo transverse plang
R,

s

Light-like vectors:

n? =a? =0, (n-n)=1

o Wilson line (ray)
oo
N P, (x) = Pexp (ig/o dov“Aﬁ(va + w)TA>

Multiple divergences!

—— = — = v
P -octransverse plane , QR
P -
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|
TMD soft factor

S(br) = (O|Tx (®1(07)®}, (br)®—n (br)@" ,(07)) 0)

/ dedy D(x —vy)

[ [
T yT ——

0 0 zty~

/°°d:v+/°°dy_

o =t Jo y~

(UV +1R) (UV +IR)

Some people set it to zero,
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|
TMD soft factor

S(br) = (O|Tx (®1(07)®}, (br)®—n (br)@" ,(07)) 0)

/ dzdy D(z—vy)

= dx / dy” ——F————5—
R 0 o (efym +b)

IR at z,y — o0

N
Il

B N However, it exactly cancels IR from the previous
diagram
Proved at all orders,
TN T T T T e.g.|[Echevarria,Scimemi,AV,151 590]
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|
TMD soft factor

S(br) = (O[Tr (@ (07) @, (br) @ (br) @1, (01)) 0)

oo transverse pla In;
/ drdy D(z—y)
oo oo
1
= dat / dy- ———————
/ Y :Jc+y_ +b2)
. /Oo do /
B 2L2 + b2)
rap. dlv
Rapidity divergence is a special kind of

divergences, UV& IR
Does not cancel.

R
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d-regularization + dimension regularization(e > 0)

Pexp (—ig/ dan“Au(na)) — Pexp (—ig/ dan“Au(nU)eﬂSU)
0 0

Nice, and continent composition of regularizations, that clear separate divergences.

a2t 2L, y~ = L/z

oo 4 0o 676+y7€767z+
dx / dy ———————
J o Y ety bR

In this calculation scheme every divergece takes particular form

(b;)e (ln (5%-@) — (=€) — '7E> +(6757) I2(—e)

Universitat Regensburg
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d-regularization + dimension regularization(e > 0)

oo oo
Pexp (—ig/ don”Au(nU)) — Pexp (—ig/ dan“AH(nU)eﬂsa)
0 0

Nice, and continent composition of regularizations, that clear separate divergences.

zt > 2L, y~ = L/z
2LdL eiL(z(;++57/z)

(L2 + b2)17€

— (=€) — VE) +(6707) T2 (—e)
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Typical expression
Generally (say at NNLO) one expects the following form (finite €, 6 — 0)
IR
Sl = A1672¢ 4+ A6 ¢(b?)° +(b?)2e (A31n2(6b2) +A4ln(6b?) + A5)

cancel in sum of diagram

o Terms ~ (0) € cancel exactly at all orders (proved!) see e.g.|AV;1707.07606,app.A|
e Aj cancels
o This is checked at 2-loops (NNLO).

4
The most important property of SF is that its logarithm is linear in In(6+§7)
S(br) = exp (A(br, €) In(6767) + B(br,¢))
It allows to split rapidity divergences and define individual TMDs.
Important note: the structure holds for arbitrary e
4
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exp(AIn(6t67) + B) = exp (2 In((67)%¢) + g) exp (g In((67)%¢" 1) + g)

do ~ [ d?br e T H(Q?) ®p1(21,b7)S(br)Ap, (22,b7) +Y

do ~ [ d?bp e~ U T H(Q?) F(z1,br;¢t) D(22,b15¢7) +Y

R cquation
"

TMD PDF TMD FF
VS®p, VSAp,
(regular) (regular)
v
The extra "factorization" introduces

- extra scale (.
/ And corresponded evolution equation
& d
‘ (—F=2F=_-DF
d¢ 2 R
Rapidity anomalous dimension (RA
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TMD evolution

TMD evolution is evolution in two-dimension plane

(7 Jrwn= (25 )ren = (i) e

dinc

Nowadays (at NNLO) the largest error comes from the evolution [I.Scimemi, AV,1706.01473]
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TMD evolution

TMD evolution is evolution in two-dimension plane

d
dn n2 UV part
dlnpw? )y b) = ( S )F(a:, b) rap gart F(x,b)
dIn¢ :
Nowadays (at NNLO) the largest error comes from the evolution [I.Scimemi, AV,1706.01473]
v
High-energy example: ATLAS 8 TeV (best precision)
0.07 ATLAS 8TeV/ ATLAS 8TeV ATLAS 8TeV ATLAS 8TeV ATLAS 8TeV/
. 0.06 NLO NLO NLO NLO NLO
'% 0.05 ¢, variation ¢, variation ¢3 variation ¢, variation max uncertanty
< 0.04
g
< 003
=
T 002
0.01
o0 6 12 18 24 12 18 24 6 12 18 24 12- 18 24 12 18 24 "%
9005 %005
Boool— :
-0.05 14,05
=0.10 -0.10
v
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TMD evolution

TMD evolution is evolution in two-dimension plane

d
din o2 UV part
dlr&” F(z,b) = ( j% )F(’T’ b) = ( rap [I:))art F(z,0)
dInc :
Nowadays (at NNLO) the largest error comes from the evolution [I.Scimemi, AV,1706.01473]
v
High-energy example: ATLAS 8 TeV (best precision)
0.07 ATLAS 8TeV/ ATLAS 8TeV ATLAS 8TeV ATLAS 8TeV ATLAS 8TeV
— 0.06 NNLO NNLO NNLO NNLO NNLO
'% 0.05 ¢, variation ¢, variation ¢3 variation ¢, variation max uncertanty
< 0.04
g
2 003
=
T 002
0.01
006 6 12 18 24 6 12 18 24 \—‘6 12 18 24 6 12 18 24 6 12 18 24 ""C\?vﬂs
0.04 0.04
B
4 I . W Pt il o
002 aadas el & S 3'002
-0.04 -0.04
v
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TMD evolution

TMD evolution is evolution in two-dimension plane

d
dlnp® ) Py p) = ( T ) F(z,b) = ( part ) F(z,b)
d ) _ ) )
< FATYS > D rap.part

Nowadays (at NNLO) the largest error comes from the evolution [I.Scimemi,AV,1706.01473|
v

Low-energy example: E288 /s = 19.4 GeV, Q =4 — 5 GeV

15001 1 RREY 1 RREY e . B
NLO N NLO NLO NLO NLO
= variation T Ryvariation variation ariation y ncertanty
% 1000F \
<)
g
3 500
04 — — 1:{GeVlq
el 037 074 111 148 037 0.74 111 148 | 70.37,0.74 1.11 148<[ 037 074 111 148 | 7037074 1.11 148~ i”
2 }/‘/}/[ B S B B s e G . I e e — [
E-OZ» N\ — N .
0af
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TMD evolution

TMD evolution is evolution in two-dimension plane

(7 Jrwn= (2 )rwn = () res

din¢

Nowadays (at NNLO) the largest error comes from the evolution [I.Scimemi,AV,1706.01473|
v

Low-energy example: E288 /s = 19.4 GeV, Q =4 — 5 GeV

1500¢ 1 BRE 1 R BB FRERER) e
NNLO NNLO
= variation ncertanty
% 1000F
<2
g
S 500
{GeV]:
o2 0.37 0.74 1.11 148 057 074 L1 148 | =0.37_074 LI 148=]| 057 074 L1l 148 | 07074 LIl Las jos

|lll’m\fvv,}/r

2 ——— T LA s B A g T -
£a; =TT = __,,)(\
o .
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[ In the following I will prove this factorization. ]

Is it important? Yes
o It is good to know that the factorization exists.
o Fundamental for lower-energy observables, e.g. SIDIS.
o Here the statement looks trivial, but in other cases it is very non-trivial. (next slides)
o Interesting additional conclusion on related objects.

@ The proof would give criterion which processes are factorizable

@
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[ In the following I will prove this factorization. ]

Is it important? Yes
o It is good to know that the factorization exists.
o Fundamental for lower-energy observables, e.g. SIDIS.
o Here the statement looks trivial, but in other cases it is very non-trivial. (next slides)
o Interesting additional conclusion on related objects.

@ The proof would give criterion which processes are factorizable

Example II: Double-Drell-Yan scattering

@
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Double Drell-Yan scattering
o Experimental status is doubtful

e Collinear part of factorization is proved [Diehl,et
al,1510.08696]

o In many aspects similar to TMD factorization

o The same problem of rapidity factorization, but

enchanted by matrix structure
pictures from [1510.08696] y

PD soft actor
very singular)

/[db e HIT | (QF) Ha(Q3) Fihi(21,2,01,2,3,4) (bl 2,3,4) 5 (21, 27b1,2,34/,y

power suppressed
terms

DPD (singular)

Structure is similar to TMD Drell-Yan
but now it contains

COLOR

The soft factor is a m.

R
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Color structure makes a lot of difference

~p singlet st 518 Pt
F}ﬁSABF}g Singlets, (Fl,FS) ( Sa1 ee s

o Soft-factors SH are sum of Wilson loops and double Wilson loops (all possible
connections).

o Soft-factors are non-zero even in the integrated case.

-ootransverse plang” _-ootransverse plane”
- Fu----- ‘ I s

~ trangverse 7 ~ frangverse
plane,

y N
/oo transverseplane ~ ¥ =
./ -oc transverseplane T TR . Looetrausverseplane - 7 .
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Evaluation at NNLO [AV,1608.04920|

o Brute force evaluation would lead a lot of (similar) diagrams.
o The better way is to compute the generating function [AV, 1406.6253, 1501.03316]

<22> <21> <11> <211> <111>
k 1
= ANAN . !
JL ,\um\/ l/‘,Jl\ LJ Kok i 'JL:,AR \/'\/\/\/\/ ik J/‘LA[JAP\A\/ .
B L B R e Bk s,
T ARANAN g At i el i i o N\Mii i imm\lj

o All non-trivial three-Wilson line interactions cancel!

o The final result expresses via TMD soft factor only!

TMD SF : InST™P = 5(b)
Single loop SF : In SH = o(b12)—0o(b1g)+o(bia)+o(bag)—o(b2s)+o(bsa)
)+o(b24))(a(b12)—0(b13)—c(b2s)+o(bgs))
Double loop SF : In sl — o(big)+o(bag)+1 (C—Af )(U(b12)*0(b13)*0(b24)+0(b34))2

o This structure is independent on regularization procedure!
y
7ladimirov RdARt January 26, 2018 14 / 41




REMINDER: TMD factorization

STMD _ o(b) _ oot (b) o (b) Ao A In((6+)2cE) + B
2 2 )
Matrix factorization of rapidity divergences
Using the decomposition above, inserting it into DPD SF we obtain matrix relation
SPFD — 5T (In(61)) - s(In(67))
Al (b1 234) A'®(b1,23.4) B'l(b1,2,34) B'¥(b1,23.4)
— 12,3, 1253, In(s 1253, 12,3,
ST [( A8L(b1234) AS¥(b123.4) n(e) + B83l(b1234) B%(b1,23,4)
Ali and BY are rather complicated non-linear compositions of TMD’s A and B
v

€=
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Finalizing DPD factorization

do » g1l g18 1
EN/[dee (@)1 H1 (QF)H2(Q3) (FlvFS)( g8l  g8s8 )( 78 >+Y

d . . _ B
é N/[de e T = HIOT Hy (QF) H2(Q3) F(21,2,b1,2,3,4; CT)F (21,2, b1,2,3,4:C7) + Y
DPDT DPD
(SF’H) sFh,
(regular) (regular)

Matrix rapidity evolution

dF(z1,2,b1,2,3,4; ¢, )
dIn¢

= —F(z1,2,b1,2,.3,4;¢,u)D(b1,2.3,4, 1t)

where D is matrix build (linearly) of TMD rapidity anomalous dimensions. E.g.

_ D(b12) — D(b13) — D(b24) + D(bs4)
- VN2 —1

A.Vladimirov RdRt January 26, 2018 16 / 41
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Let’s look at multi-parton scattering
o Just as double-parton, but multi..(four WL’s — arbitrary number WL’s)

e Too many color-singlets, better to work with explicit color indices (color-multi-matrix)

E(alu.aN);(dl.udN)(bl’ ., by) = E(bl,..,N)

B({b}) = (OT{[@-n®' ;](bn) ... [2-n® ;](b1)}0)

-ocotransverse plane dy
d,

B Color-matrix notation
o All color flow in the same direction
e i’th WL has generator T;

o In total the soft factor is color-neutral
> Ti=0.
i

e Color-neutrality — gauge invariance +
cancellation IR singularities

Universitit Regensburg
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Let’s look at multi-parton scattering

o Just as double-parton, but multi..(four WL’s — arbitrary number WL’s)

e Too many color-singlets, better to work with explicit color indices (color-multi-matrix)

E(al...aj\;);(zil.”cl]\;)(b17 . bN) — E(bl,..,N)

S({b}) = (O|T{[@_n®T ] (bN) ... [®_n®! ](b1)}[0)

. Result at NNLO is amazingly simple

(b1, n)=exp [ = > T{Tio(by;) + O(al)

trangverse - . .
planc, 1<J

AmA _ ngs
o T/TS = "dipole"
o O(a2) contains also "color-multipole" terms

ay” o Rapidity factorization for dipole part is

,,,,,,,,, plve T % straightforward (assuming TMD factorization)
v

Universitat Regensburg
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Rapidity divergence renormalization theorem

These all are parts of general picture, and could be described by single
factorization /renormalization theorem. J

@
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ion theorem

These all are parts of general picture, and could be described by single
factorization /renormalization theorem. J

Rapidity divergences associated with different directions in the MPS soft factor could
be factorized from each other. At any finite order of perturbation theory there exists
the "rapidity divergence renormalization factor" R, which contains only rapidity
diveences associated with the direction n, such that the combination

(b}, v, v7T) = R ({0}, v SEHRE ({8}, v7)

is free of rapidity divergences.

o Implicitly, it has been expected for long time [Chiu,Jain,Neill,Rothstein,1104.0881]

o It is final block of the TMD factorization theorem (and also finalizes factorization for

Double-DY)
@

o It has several non-trivial consequences.

/ladimirov RdRt January 26, 2018 18 / 41



Rapidity divergence renormalization theorem

In next slides I am going to sketch the proof.

Typically, such theorems are proved by considering singularities of Feynman diagrams.
o I will present a completely new approach (to my best knowledge).

o The approach could appear more interesting and important then the theorem it self.

I will skip a lot of details, please, ask questions or look into [AV;1707.07606|

@

Universitit Regensburg

RdRt January 26, 2018 19 / 41



Rapidity divergence renormalization theorem

In next slides I am going to sketch the proof.

Typically, such theorems are proved by considering singularities of Feynman diagrams.
o I will present a completely new approach (to my best knowledge).

o The approach could appear more interesting and important then the theorem it self.

I will skip a lot of details, please, ask questions or look into [AV;1707.07606|

General picture of proof
o Isolate the spatial area of operator which results into rapidity divergences.

e Invent a (conformal) transformation which map this area to a point (i.e. rapidity
divergences to UV divergences)

o Using this transformation proof the theorem in CFT

o Generalize to QCD, using iteration procedure and restoration of conformal invariance at

critical point.
!
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Divergences in coordinate space

Classification of divergences in coordinate space

Ultraviolet divergences (UV)

transverse ~
plane,
.

Localisation of fields in vicinity of a point

22 =0 eR

Universitit Regensburg

WARNING: depends on gauge fixation condition
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rgences in coordinate space

Classification of divergences in coordinate space

Mass divergences (IR)

Localisation of fields at distant sphere

22 = 0o QR

Universitit Regensburg

WARNING: depends on gauge fixation condition
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es in coordinat

Classification of divergences in coordinate space

Collinear divergences (UV)

Localisation of fields in vicinity of a line
see better definition [Erdogan,Sterman,1411.4588| e

R

niversitit Regensburg

WARNING: depends on gauge fixation condition
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1ces in coordinate ¢

Classification of divergences in coordinate space

Ultraviolet divergences (UV)

trangverse <
lane,

-
.

Localisation of fields in vicinity of a distant transverse plane
see better definition [AV,1707.07606|

R

WARNING: depends on gauge fixation condition Universitt Regensburg
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Conformal transformation

Important lessons
@ The rapidity divergences are associated with planes! Not with directions.

o The planes defined unambiguously. However, in (TMD-like) soft factor we have two
light-like directions, i.e. two planes and two independent types of rapidity divergences.
The requirement of non-intersection of these planes defines them unambiguously.

o Counting rules are just alike UV divergence counting rules.

@
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Conformal transformation

Important lessons
@ The rapidity divergences are associated with planes! Not with directions.

o The planes defined unambiguously. However, in (TMD-like) soft factor we have two
light-like directions, i.e. two planes and two independent types of rapidity divergences.
The requirement of non-intersection of these planes defines them unambiguously.

o Counting rules are just alike UV divergence counting rules.

Rapidity divergences associated with transverse planes (or better to say with the layer
between the transverse plane and infinity). Let us construct a conformal transforma-
tion which maps it to the point (to a sphere).

RdRt January 26, 2018 21 / 41




Conformal-stereographic transformation

—1 1 az? T
Ca:{zT,2 7,2, } > {———,27 + L
nid +} {Qa A+ 2azxt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters

Universitit Regensburg
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Conformal-stereographic transformation

—1 1 az? T
Cn : +7 _7 i S N L )
nifetenel = 2a \+ 2azxt vt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters

Universitit Regensburg
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Conformal-stereographic transformation

—1 1 az? T
Cn : +7 _7 = T T o N L )
nifetenel = 2a \+ 2azxt vt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters

 transverse
planc,
s

€=

Universitit Regensburg
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Conformal-stereographic transformation

—1 1 az? T
Cn : +7 _7 = T T o N L )
nifetenel = 2a \+ 2azxt vt A+ 2azt’ A+ 2azt

}

o Translation — special conformal transformation (along n) — Translation

e a and )\ are free parameters

 transverse
planc,
s

€=

Universitit Regensburg
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—1 1 ax? T
Ca:{zt,z 2} {———— 27 + L
nid +} 2a A+ 2azxt A+ 2azt’ A+ 2azxt

}

e Translation — special conformal transformation (along n) — Translation

o a and )\ are free parameters

NN
N

Universitit Regensburg
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Composition of two conformal-stereographic transformations

Cnﬁ = C'ncﬁ = Cﬁcn

With the special choice of parameters

aX <0, ax < 0, (CL@)2 < - p%->max{b12},
2p7
any DY-like soft factor transforms to a compact object.
v
C -
(b) - 2(v)

- “ocn
transverse transverse
plane

plane

Universitit Regensburg
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Conformal transformation

In conformal QFT rapidity divergences equivalent to UV divergences

o The UV renormalization imposes rapidity divergence renormalization
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rmation

In conformal QFT rapidity divergences equivalent to UV divergences

o The UV renormalization imposes rapidity divergence renormalization

-00 T “ocn
transverse transverse
Plane Plane

Universitit Regensburg
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Conformal transformation

In conformal QFT rapidity divergences equivalent to UV divergences

o The UV renormalization imposes rapidity divergence renormalization

o There are also UV renormalization factors in cusps (we omit them for a moment)

finite finite

R(b)S(b)R! (b) — G,

n

o0 n
transverse

-oC
transverse
plane

plane
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Conformal transformation

RDRT in conformal theory

In a conformal field theory rapidity divergences can be removed (renor-

malized) by a multiplicative factor.

Cr (Z({v}, 1)) = Ru({b},v7)

Rapidity anomalous dimension (RAD)

D({b)) = LR (b}, v )t 2L Ra((0),07),

In CSS notation it is —K, in [Becher,Neubert| Fyq, in SCET literature ~,.

(In CFT) DY-like Soft factors expresses as

finite
e N _ _
B({b},61,67) = 62D({b})1n(6+/u+) So({b}, Vz) 62DT({I;}) In(6~ /v ), )
A.Vladimirov RdRt January 26, 2018 25 / 41




From CFT to QCD

From conformal theory to QCD

QCD at the critical point

QCD is conformal in 4 — 2¢* dimensions

B(e)=0, = € =-asfo—aif—.

It is very useful trick, allows to restore "conformal-violating" terms, see

e.g.|Braun,Manashov,1306.5644|

RdRt
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From CFT to QCD

From conformal theory to QCD

QCD at the critical point

QCD is conformal in 4 — 2¢* dimensions

6(6*) = 07 = e = _asBO — (lg,gl = 6000

It is very useful trick, allows to restore "conformal-violating" terms, see
e.g.|Braun,Manashov,1306.5644|

Thus, at 4 — 2¢* dimensions, the rapidity renormalization theorem

works.
7
v
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From CFT to QCD

RTRD works at any finite order of QCD

Proof by induction
e Important input: Counting of rap.div. is independent on number of dimensions
o Important input: At 1-loop QCD is conformal = RTRD hold.
o (1) All Leading divergences cancel by R.

(2) Make shift €* — €* + Boas.

(3) Modify R such that next-to-leading divegences cancel (it can be done perturbatively,
thanks to as)

Repeat (2-3) N times, and got renormalization at aé\f 1 order.

@
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From CFT to QCD

RTRD works at any finite order of QCD

Proof by induction
e Important input: Counting of rap.div. is independent on number of dimensions
e Important input: At 1-loop QCD is conformal = RTRD hold.
o (1) All Leading divergences cancel by R.

(2) Make shift €* — €* + Boas.

(3) Modify R such that next-to-leading divegences cancel (it can be done perturbatively,
thanks to as)

o Repeat (2-3) N times, and got renormalization at aé\q'l order.
v
Soft factor has the form
finite
S({b},61,67) = 62D<{b}>1n(6+/u+)20({(,}7l,z)ezDW{b})ln(a—/v—),

Dqcp # Derr

R
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From CFT to QCD

Example then it does not work (no factorization?)

There are talks about "dipole-like" TMD distributions that could appear in processes like
pp — hX e.g. [Boer,et al,1607.01654]
However, it is straightforward to show that the factorization is necessarily broken (or has not
closed form)
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From CFT to QCD

Example then it does not work (no factorization?)

There are talks about "dipole-like" TMD distributions that could appear in processes like
pp — hX e.g. [Boer,et al,1607.01654]
However, it is straightforward to show that the factorization is necessarily broken (or has not
closed form)

oo 7 _
transverse 71
planc

mn T
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From CFT to QCD

Example then it does not work (no factorization?)

There are talks about "dipole-like" TMD distributions that could appear in processes like
pp — hX e.g. [Boer,et al,1607.01654]
However, it is straightforward to show that the factorization is necessarily broken (or has not
closed form)

oo 7 _
transverse 71
planc

n T
To have factorization In the tranformed SF
e separate R factors there is a single
plane . 5
are needed singular point

o The renormalization of dipole recouple colors — extra gauge link — ala BK equation.
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From CFT to QCD

Consequences

o Factorization for multi-Drell-Yan process

o Generalized CSS equation

o Correspondence between soft and rapidity anomalous dimensions
o Constraints of soft anomalous dimension.

o Universality of DY and SIDIS TMD soft factors

Many others ... (in progress)

@

Universitit Regensburg

RdRt January 26, 2018 29 / 41



Definition of multiPI

Factorization of multi-parton scattering

4

=
g

—
S
=

N
M
[y
=
I
o1
)

8 9 10 11
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Definition of multiPI

Factorization of multi-parton scattering

4
37%7 rrfif % AR B I SITIRE = gy \
~1 i [1 4V € !F 1Ty 7.u’l-‘1”)f“l’f O 5[H)
|
- L] L]
Hy
Hy
/ [l WS T B ERRadNIiS MR AL TR CARIE B2 1Ll e
I [T
5 6 7 8 9 10 11
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Definition of multiPDs

Factorization of multi-parton scattering

4
—~
3 do Ir (@i - = = PR L TR ,
~ 1L H; fidbie [Fr(z} by Do (=} (b} 1)
| | N 4
—~ | !I =
& RULGE DR En) ) ETA 2T DCADL )
a I
it 2l LS M RASLE TR (59 LI
Il
i
6 7 8 9 10 11
et s
o <@ =, <=, =
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Definition of multiPI

Factorization of multi-parton scattering

4
—~
3,%7'\ rrfiff % gl L+ = e o TIRE L g L
LI ; e b o r (=) {ok )
1 | N /
— L] !I —
P
P d
ZINISP WA WSS VEsll T e
Lw 1.} n 1 7 1
2( = RUIGEE DS ) ETA 2T DCADL )
1 a Id
S EIRE DAV MG RN NI [
Il
| |
5 6 7 8 9 10 11
o = = = =
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Definition of multiPDs

Factorization of multi-parton scattering

4
dig % I ilgy; r=irras Bird SSE IZSTNE PINFRIIrS ST +\
dX'\llv \u /a9 FrAFAPL Y )&l U L | F 5 A9y, BV )
p AN BN SR
(b, PRI Fr ), (0D
inite multi
5 6 7 8 9 10 11
-

=
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Definition of multiPDs

Finite multiPD

o The definition of collinear matrix element include zero-bin subtraction

z.b. unsubtracted
F({x}, {b}, 1,07 ) = 7 (w567,67) x F*({a}, {b},1,6™)

@ Zero-bin partially cancel rapidity renormalization

F({z}, {b},v") = o( w2 MRET({bhv) x Frpyen({ad, {b}07)

=vtuv—

@
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Definition of multiPDs

Finite multiPD

@ The definition of collinear matrix element include zero-bin subtraction

z.b. unsubtracted

F({a}, {b},1,67) = 27 (w3 6%,67) x F*({z}, {b}, ,6T)

@ Zero-bin partially cancel rapidity renormalization

F({z}, {b},v7) So( w2 ORETH({bY,v) x Frpyen({ad, {b}07)

=vtuv—
Ry, ({b}, ") x F*({w}, {b},5")
e 2DUBNI(ET /v ) o frus( (2 (b} 6+)

6 —finite

The rapidity evolution is matrix evolution

v+ =L P({}, (b)) = SD(b} ) X F({2, {8}, ,0%).

A
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Definition of multiPDs

Boost invariant variables

o We define boost invariant variables
- +
v = oV = _
¢=20")°—, ({=20)°—=, (=)
v v

o In terms of these variables

C%F{f}eh({xh {b}>:u747V2) = _D{f}({b}n“‘) X F{f}eh({m}’ {b}al"’ ¢ VQ)' (1)

v2 is some IR scale.

o Generalized CS equation

d 1
2 — i
o d“2 D({b}7 /—") - Z ; 1—‘cuspI'

@
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Definition of multiPDs

Scheme dependence

We can add arbitrary finite terms to the rapidity redefinition

F({z},{b},¢,v?) = 8 x F({z}, {0}, ¢, ).

It is equivalent to the scheme dependence for UV renormalization.

Natural definition

The soft factor remnant g can be absorbed to the definition of multiPD:

S(b7 M, VZ)SO({b}v My VQ)ST(b7 Ky V2) =L

@
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Definition of multiPDs

Scheme dependence

We can add arbitrary finite terms to the rapidity redefinition
F({z},{b},¢,v?) = S x F({z}, {b},¢,v2).

It is equivalent to the scheme dependence for UV renormalization.

Natural definition

The soft factor remnant g can be absorbed to the definition of multiPD:

S(b7 M, VZ)SO({b}v My VQ)ST(b7 Ky V2) =L

.
In the TMD case it leads to the standard definition
5t 5t ~

F(z,b, pu, = STMD (b,i ,—— )Fz,b,5+.

(b, 1, ) \/T ot Vo e V) I )
v

w 'n
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Soft /rapidity anomalous dimension correspondence

The equivalence (under conformal transformation) between Z and R implies the equality
between corresponding anomalous dimensions

vs({v}) = 2D({b})

It has been observed in |Li,Zhu,1604.01404].

e UV anomalous dimension independent on €
o Rapidity anomalous dimension does depend on €

o At €* conformal symmetry of QCD is restored

@
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Soft /rapidity anomalous dimension correspondence

The equivalence (under conformal transformation) between Z and R implies the equality
between corresponding anomalous dimensions

vs({v}) = 2D({b})
It has been observed in |Li,Zhu,1604.01404].

e UV anomalous dimension independent on €
o Rapidity anomalous dimension does depend on €

o At €* conformal symmetry of QCD is restored

In QCD

vs({v}) = 2D({b}, €*)

o Exact relation!

o Connects different regimes of QCD

— Lets test it. QR

Universitit Regensburg
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SAD/RAD correspondence

vs({v}) = 2D({b}, €")

How to use it?
e Physical value is D({b}, 0)
o c*=0—asPo— a?ﬁl — agﬁg —

e We can compare order by order in PT

Di((B) = meh)
Do({t]) = 572({e}) + BoDh (1))

2
Do((s)) = vs({v}) + BoDh()) + ADL() — DY (b)),

A.Vladimirov RdRt January 26, 2018 35 / 41



SAD/RAD correspondence

TMD rapidity anomalous dimension

2 2
B= %, L:ln(eljﬁyE> “ ln(vlj’zf‘ )

o N = 2, no matrix structure,

—2(B°r(-¢)+1)=pM

) asDM)

T =2l
as (ln (bz‘f) +0) = as (m (457’2‘;) +0)

Obvious relation, QCD is conformal at leading order.
@

V2 = 4e— 2B
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SAD/RAD correspondence

TMD rapidity anomalous dimension

2 2
B= %, L:ln(eljﬁyE> “ ln(vlj’zf‘ )

e N = 2, no matrix structure,

—2(B°r(-¢)+1)=pM

78V =1+0 'NLO | NLO
7P =[(8F —2¢2)Ca— 2 NfIL+
(28¢s+...)Ca+(H2 —5¢2) Ny -

asDM) + ag?Dm)

as’Ygl) +a§'y§2)
\ _——vs({v}) = 2D({b}, ")

. +a? (F2L + 7(2)> =..+2d2 (9(2) —2B0(L* + CZ))

We found 2-loop rapidity anomalous dimension

N
o= (57 -6 en- Gir
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SAD/RAD correspondence

TMD rapidity anomalous dimension

2 2 2
e N = 2, no matrix structure, B=Y% L=In ( 132”7 ) < In (”1225‘ )
e E v

NLO a(Ber(-o 1))
B2°T2(—¢) (CA<2¢_2572w_5+¢€+w):7><2>
1— 3(4—3e
+T=E06= 26)( o, - Nfz
1

( 6) B
+B* Bo+ 072

[Echevarria,Scimemi,AV,1511.05590]

AP =[(8F ~2¢2)0 4~ 2 NfIL+
(28¢s+...)Ca+(H2 —5¢2) Ny

H_124503 4L+
+(—19245c?4+...+%1v?)

as78 + a2y + a3V (@D +aiD®) + airD

! ' a({v)) = 2D({b}, e ’

wtad (F3L+’y(3)) = . +2a? [D(3) - @L‘% - (ﬂogr + B ) L? + Bo(y1 — 2B0C2) L
—BoT1 2 — oy + 228 (G5 — B2) + 2660Ca (o — 2]

We found 3-loop rapidity anomalous dimension
(3) o (297029 88 ) (—152 5
D =C — ...+ 96 .. +CpN -8 ———smirsitst Regensburg
L—o A(1458 +3C2C3+ +96¢5 ) + ... + Crp Ny Ca+ 51
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SAD/RAD correspondence

2
@ C2 (12328 88 207029 6392 154
D = -4 — s — 1925 — 2+
L=0 2 ( o7 8T 3 20 Gy T 2T
CaNj [ 904 62626 824 20
2 ( EATT HCHEC“)
CpNy ( 304 1711 N?( 32 1856)
_2 " _1g P B e
2 ( T <4> 2 9" 729

o Coincides with the one calculated directly [Li,Zhu,1604.01404|

o The logarithmic structure of rapidity anomalous dimension also restored

d Ceusp(as(p))
2 _ Lcusp\ls
0 deD(as(u),b) =5
VSs.
d r
2 _ Lcusp
Vaar =T

UV anomalous dimensions independent on €. UV anomalous dimension of rapidity
anomalous dimension also.
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SAD/RAD correspondence

Quadrupole part of SAD

1 . .
vs({v}) = 5 D> TATMaipore(vi - vj)— Y if AT EBPTATETITL Fijn
[4,4] [4,5,k,1]
= 3 B TOTDipACE fEED C 4 O(al),
[i,,k]

Quadrupole part has been calculated in [Almelid, Duhr,Gardi;1507.00047)

¢ = d (C2C3 + %5) +0(a}),

Fijm({b}) = 8adF(hirji, i) + Olad),

Quadrupole part of RAD
o Color structures are not affected by €*
@ Quadrupole contribution depends only on conformal ratios

P (vi - v) (v - 1) P (bi — b;)? (b — by)?
Y (i - ) (vj - vr) Y (bi = bg)2(bj — by)?
4
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Other cc

The correspondence between SAD and RAD can be used also to constraint the SAD.
It seems that structure of RAD (diagrammatically) is simpler.

Color-structure of soft anomalous dimension

As a consequence of Lorentz invariance one has
=({p}) = = ({b})
It implies that RAD has only even color-multipoles
An in
D({o}) = Z Z (T Tl yD i (o)),

01,0tn=1
nEeven
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Other consequences

The correspondence between SAD and RAD can be used also to constraint the SAD.
It seems that structure of RAD (diagrammatically) is simpler.

Color-structure of soft anomalous dimension

As a consequence of Lorentz invariance one has

=({b}) = =T({b})

It implies that RAD has only even color-multipoles

D({b}) Z ‘ Z {1 TR DR (fo}).

01,0tn=1
nEeven

In turn, ys({v}) = 2D({b}, €*), SAD has only even color-multipoles

vs({v}) = Z | Z (T Ty i (fo}).

11,0yt =1
nEeven

Absence of tri-pole is known [Aybat, et al,0607309;Dixon, et al, 0910.3653]
o Quadrupole arises at 3-loops

@ Sextupole arises at 5-loops

W ——— RdR# T




Conclusion

[ I believe that there are other (not yet explored) consequences. ]

done TMD soft factor for SIDIS = TMD soft factor for DY (universality)
o Self-duality of TMD soft factor

o Possible lattice applications

Limitations
e T-ordered operator

o Unrestricted phase space

e* method is a very powerful tool

o 3-loop evolution kernel for a twist-2 string operator (utilizing 3-loop DGLAP anomalous
dimension) |Braun, et al,|

e BK/BMS relation at sub-leading orders |S.Caron-Huot,talk at HEP)|

@ Matching coefficient functions for TMD operators

@ ¢* can be used as a summation prescription
v
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Other cc

Conclusion

The rapidity divergences are alike UV divergences (in CFT)

Renormalization theorem for rapidity divergences

o RAD/SAD correspondence (checked up to three-loop order for N=2 case (TMD),
checked up to two-loop order for general case)

Three-loop general rapidity anomalous dimension, and all order constraints on SAD
e Factorization for double-Drell-Yan (multi-Drell-Yan)

@
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